We analytically compute, to the eight-and-a-half post-Newtonian order, and to linear order in the mass ratio, the radial potential describing (within the effective one-body formalism) the gravitational interaction of two bodies, thereby extending previous analytic results. These results are obtained by applying analytical gravitational self-force theory (for a particle in circular orbit around a Schwarzschild black hole) to Detweiler's gauge-invariant redshift variable. We emphasize the increase in "transcendentality" of the numbers entering the post-Newtonian expansion coefficients as the order increases, in particular we note the appearance of ζ(3) (as well as the square of Euler's constant γ) starting at the seventh post-Newtonian order. We study the convergence of the post-Newtonian expansion as the expansion parameter u = GM/(c 2 r) leaves the weak-field domain u ≪ 1 to enter the strong field domain u = O(1).
I. INTRODUCTION
This paper is the third in a sequence of works [1, 2] devoted to the analytic determination of the main radial potential A(r; m 1 , m 2 ) describing (in a gauge-invariant way) the gravitational interaction of two bodies, of masses m 1 , m 2 , within the effective one-body (EOB) formalism [3] [4] [5] [6] . [The function A(r; m 1 , m 2 ) represents (minus) the g 00 component of the effective metric entering the EOB formalism, thereby generalizing the wellknown Schwarzschild function A(r; m 1 = 0, m 2 ) = 1 − 2Gm 2 /(c 2 r).] In Ref. [1] we completed the analytic determination of the radial potential A(r; m 1 , m 2 ) at the fourth postNewtonian (4PN) approximation, without making any smallness assumption about the symmetric mass ratio ν = m 1 m 2 /(m 1 + m 2 )
2 . In Ref. [2] , we analytically determined up to the sixth post-Newtonian (6PN) order the contributions to A(r; m 1 , m 2 ) = A(u; ν) [where u := G(m 1 + m 2 )/(c 2 r)] that are linear in ν. Here we extend the analytic results of [1] to the eight-and-a-half postNewtonian (8.5PN) order, still working linearly in the symmetric mass ratio ν. In the following, we shall not repeat the details of our framework (which have been expounded in [2] ), but only recall the few technical facts that we need to present our new results.
We consider a two-body system with masses m 1 and m 2 in motion along a circular orbit of (areal) radius r 0 and orbital frequency Ω, in the limit where m 1 ≪ m 2 . We denote by: M = m 1 + m 2 the total mass of the system, µ = m 1 m 2 /(m 1 + m 2 ) its reduced mass and ν = µ/M = m 1 m 2 /(m 1 + m 2 ) 2 its symmetric mass ratio. In the present paper, we work (like in [2] ) to linear order in ν. To be definite, we consider that m 1 ≪ m 2 .
The small mass m 1 perturbs the Schwarzschild spacetime metric associated with the mass m 2 , g ). Techniques have been developed over the years to analytically compute the (rescaled) metric perturbation h µν (x λ ) (see references in [2] ). As emphasized by Detweiler [7] , an interesting gauge-invariant quantity associated with h µν is the function
Here k µ denotes the helical Killing vector k µ ∂ µ = ∂ t + Ω∂ ϕ , and the superscript R denotes the regularized value of h µν (x λ ) on the world line of the small mass m 1 . In addition, the argument u in the function h The explicit analytic computation of h R kk (u) requires both the improved analytic black hole perturbation techniques developed by the Japanese relativity school [8] [9] [10] and the spherical-harmonics-mode-sum regularization (see e.g. Refs. [7, [11] [12] [13] ). In Ref. [1] , it was enough to use the hypergeometric-expansion technique of Mano, Suzuki and Tagasugi for the quadrupolar (l = 2) contribution to h kk (u). In Ref. [2] , we used this technique for the multipole orders l = 2, 3 and 4. Indeed, this technique is needed to capture the infrared-delicate contributions induced by tail-related hereditary near-zone effects, and it was shown in [2] that the hereditary contribution from the l-th multipole starts at the (l + 2)-th PN order. As our aim here is to reach the 8.5PN order (neglecting 9PN and higher) we used the hypergeometricexpansion technique (followed by an expansion in powers of 1/c up to 1/c 17 included) for l = 2, 3, 4, 5 and 6. This necessitated to solve the three-term recursion equation determining the hypergeometric coefficients a ν n for −20 < n < +20 (i.e., setting a ). In addition, we had to extend the determination of the PNexpanded solutions used for l > 6 to the order 1/c 17 . There are several ways to present our results. A first way, would be to exhibit the PN expansion of the quantity we actually computed, namely h R kk (u), Eq. (1). However, it was shown in Refs. [14] [15] [16] that the function h R kk (u) is very simply related to the (gauge-invariant) EOB radial interaction potential A(r; m 1 , m 2 ) = A(u; ν) of the two bodies via
where 
and where a 1SF (u) is the first-order gravitational selfforce (GSF) contribution to the EOB radial potential A(u; ν); see below. The relation above, Eqs. (2) and (3), is so simple that one can immediately read off the PN expansion of h kk (u) from that of a 1SF (u). We shall therefore only give below the PN expansion of the EOB potential a 1SF (u) which has greater dynamical interest than h kk (u). One should carefully distinguish between the GSF expansion of A(u; ν) (i.e., its expansion in powers of ν) and its PN expansion (i.e., its expansion in powers of u, modulo some logarithms). To see the link between these two expansions it is useful to define the new function of two variables a(u; ν) such that
where we used the fact that, in the test mass limit ν → 0, A(u; 0) reduces to the Schwarzschild radial potential
In terms of a(u; ν), the GSF expansion reads
while the PN expansion reads (up the 8.5PN order)
where
, with an unspecified natural integer p ≥ 1. Note that the term ∼ a n u n in a(u; ν) corresponds to the (n − 1)PN level, and that there is no contribution at 1PN: a 2 (ν) ≡ 0 (which is a special feature of the EOB formalism). Note also that we did not include the (a priori possible) argument ln u in a 6.5 , a 7.5 and a 8.5 because we have found that their ν → 0 limits contain no logarithmic contributions (and because previous analytical derivations of logarithmic terms [17, 18] showed that they first appear in ν-independent contributions). These two expansions are linked by the fact that the u-expansion of the righthand-side (r.h.s.) of Eq. (5) +O ln (u 10 ) .
Up to now, the analytic knowledge of the PN expansion of a(u; ν) was the following. The 1PN and 2PN coefficients a 2 (ν) = 0 and a 3 (ν) = 2 were derived in [3] ; the 3PN coefficient a 4 (ν) = 94/3 − 41π 2 /32 was derived in [5] , and the 4PN coefficient
where γ = 0.577 . . . denotes Euler's constant, was derived in [1] . Up to the 4PN level included the full ν-dependence of a(u; ν) is known, and was found, as just recalled, to be extremely simple: independence on ν up to the 3PN level, and linearity in ν at the 4PN level. Beyond the 4PN level, one generally does not know the ν-dependence of a(u; ν), apart from the ν-dependence of the logarithmic contribution to the 5PN level, namely [14, 16, 18] 
On the other hand, the PN-expansion of the ν → 0 limit of a(u; ν) [i.e., the PN expansion of the first-order GSF contribution a 1SF (u) = a(u, ν = 0)] was analytically determined up to the 6PN order in our previous work [2] with the following results 
The result Eq. (11) for a 6.5 (0) was independently analytically derived by Shah et al. [19] . The latter reference gave also a numerical-analytical derivation of the coefficient of ln u in a 7 . In addition Ref. [19] 11 (see below). The main result of this paper will be to extend the analytical calculation of the a n (0, ln u)'s up to the 8.5PN level, i.e., to determine five more terms beyond the ones listed above, namely a 7.5 (0), a 8 (0, ln u), a 8.5 (0), a 9 (0, ln u) and a 9.5 (0, ln u). We shall find that our analytical results agree with the very accurate numerical determination of the PN expansion coefficients of
recently obtained by Shah et al. [19] . (The latter reference also provided numerical-analytical derivations of the coefficients of several logarithmic contributions which agree with our corresponding fully analytic results.) A second way to present our results consists of exhibiting the analytic expressions of the PN expansion coefficients of Detweiler's original first-order redshift function, namely u t 1SF (u) given by Eq. (13). We will do so in Sec. III below, after having exhibited the analytic expressions of the a n 's in Sec. II. Finally, a last way to present our results is in terms of the function relating the binding energy E B = H tot − M c 2 of a circular orbit to its orbital frequency Ω. This alternative reformulation of our results will be presented in the Appendix.
II. NEW ANALYTICAL RESULTS FOR THE EOB RADIAL POTENTIAL
As mentioned above, our new results concern the coefficients of the PN expansion of the first-order GSF contribution a 1SF (u) to the EOB radial potential A(u; ν), Eqs. (4) and (5), between the 6.5PN level and the 8.5PN one. Namely, we found that the coefficients a 7.5 (0), a 8 (0, ln u), a 8.5 (0), a 9 (0, ln u) and a 9.5 (0, ln u) in Eq. (7) are given by 
Note that the transcendentality 1 of the coefficients a n increases with n. This was already noted in [2] up to a 7 , i.e., up to the 6PN order. Here the transcendentality further increases (when considering separately the integer and half-integer values of n). In particular, we note that at the 7PN level (a 8 ) there appears (beyond transcendental numbers that entered previous levels, namely
90 , Euler's constant γ and some loga-rithms), the value of the zeta function at 3, ζ(3), as well as the square of γ. The appearance of γ 2 is linked with the appearance of the square of ln u (which starts at the 7PN level; as was pointed out in [19] ). Indeed, the work of Refs. [2, 20] shows that γ enters via tail logarithms of the type ln 2|m|
Ωr c e
where m denotes the "magnetic" index in a corresponding spherical-harmonics (lm) decomposition, so that −l ≤ m ≤ l. (Actually, depending on the parity of the relevant mode, one has either |m| = l, l − 2, l − 4, . . ., or |m| = l−1, l−3, . . .). The leading-order near-zone tail being quadrupolar (l = 2, even parity), we expect that the first γ 2 will enter in the combination (ln u + 2γ + 4 ln 2) 2 . One indeed finds that, e.g., a 8 (0, ln u) can be more simply written as 
Let us also note that, at the 8.5 PN level, there starts to be a mixing between the factor π 1 associated with (the reactive part of) tail terms and the transcendentals ζ(2), γ, ln 2, which generates ∝ π 3 , πγ and π ln 2.
III. NEW ANALYTIC RESULTS FOR THE DETWEILER REDSHIFT FUNCTION
In order to explicitly compare our analytic results to the recent (mainly numerical) results of [19] let us express our results in terms of the original first-order Detweiler function, Eq. (13), that was computed in [19] . Using the same notation for the PN coefficients as the latter reference (which differs from the one we used in [2] by introducing minus signs associated with odd powers of ln u), our new analytic results are encoded in the coefficients α n , β n and γ n (with 6.5 ≤ n ≤ 8.5) entering
From Eqs. (14)- (18) 
agree with the numerical results obtained in [19] (to the accuracy given there).
IV. NUMERICAL VALUES OF HIGHER-ORDER PN EXPANSION COEFFICIENTS OF THE EOB RADIAL POTENTIAL
Shah et al. [19] succeded in numerically computing the expansion coefficients α n , β n and γ n of u t 1SF up to the 10.5PN order. Moreover, they also inferred from their numerical results the (probable) analytic expression of some specific terms (having a minimal transcendentality structure). Using the relations (13) and (2), one can deduce the numerical values of the corresponding higherorder coefficients of the PN expansion of the first-order GSF EOB radial potential, a 1SF (u). We find 
Here, the number of digits quoted for the a n 's is that corresponding to the numerical accuracy on the α n 's etc. obtained in [19] . It would be interesting to see if the numerical values of these coefficients could be improved by using in the fits done in Ref. [19] the exact analytical values of the coefficients below the 9PN order given by our analytical results above. This additional analytic knowledge would indeed significantly decrease the number of fitted parameters and thereby allow a better decorrelation of the "signal" associated with the higher-order ones. It might allow one to extract even higher PN coefficients from the numerical results of [19] .
V. COMPARISON TO THE PREVIOUS NUMERICAL DETERMINATION OF THE EOB FUNCTION a1SF(u) IN THE STRONG-FIELD DOMAIN
Akcay et al [21] succeded in numerically computing the global behavior of the function a 1SF (u) over the full strong-field interval, 0 ≤ u ≤ 1/3, where it can be probed by studying the sequence of circular orbits (see also Refs. [7, 18, 22] for previous numerical results). Let us study to what extent the knowledge of the higher-order PN expansion of a 1SF (u) (which, a priori, only encodes information about the weak-field regime, u ≪ 1) can represent some of the strong-field features of that function.
A first important strong-field feature of a 1SF (u) is its behavior around the last stable (circular) orbit (LSO). In particular, a benchmark quantity is the first-order GSF shift in the LSO orbital frequency [23] . It is measured by the coefficient c Ω such that
It was found in [17] that c Ω can be expressed as follows in terms of the first two derivatives of the EOB potential a 1SF (u) at u = 1/6:
wherẽ a(
The numerical value of c Ω was first obtained in [23] and then refined in later works. The best current estimate [21] is
corresponding tõ
In the second column of 2PN 1SF (u) = 2u 3 and going up to the 10.5PN approximant deduced in the previous section from the results of [19] ). This Table does not exhibit a clear convergence towards the accurate result (34). In fact, while the 7PN and 7.5PN results suggest some convergence towards the exact value, the results significantly worsen between the 8PN and the 10PN levels. Even the highest known level (10.5PN) fares less well than the 7 or 7.5 PN levels. This is another example of the lack of convergence of the PN expansion in the strong-field domain.
To further study the convergence properties of the PN expansion let us compare the successive PN approximants of a 1SF (u) to the numerically-determined global , the successive PN approximants of the quantityâE(u) = a(u)/(2u 3 E(u)) with E(u) = (1 − 2u)/ √ 1 − 3u, to its "exact" numerical value. There are fifteen curves in the figure: fourteen PN approximants (from 3PN to 10.5 PN), and the fit model #14 of numerical relativity data in Ref. [21] . The curves are distinguishable from their values at u = 1 3 , where they are ordered from bottom to top as follows : 8PN, 5PN,  3PN, 5.5PN, 4PN, 9.5 PN, 8.5PN, 6.5PN, 9PN, 6PN, 7.5PN,  7PN, 10.5PN, model #14 (dotted curve), 10PN. computation of a 1SF (u). As it was found in [21] that the function a 1SF (u) diverges proportionally to the testparticle energy
as u approaches the light ring (u → (1/3) − ), a meaningful PN/numerics comparison must factor out the divergent factor (36). (From Weierstrass' theorem, one could hope that the continuous, and therefore bounded, function a 1SF (u)/E(u) on the closed interval 0 ≤ u ≤ 1 3 will be approximable by its PN expansion, which is, modulo some logarithms, a polynomial). It is also convenient to factor out the leading order PN approximation a 2PN 1SF (u) = 2u 3 , and therefore to work with the following doubly rescaled a-potential [21] 
In Fig. 1 we compare the successive PN approximants of a E (u) [starting with a 3PN 1SF (u) = 1 + (97/6 − 41π 2 /64)u] to the numerical value ofâ E (u) (as conventionally encoded in the accurate fit # 14 in [21] ). This figure clearly shows that, even after the factorization of the divergent factor (36) that is known to be present in a 1SF (u), the sequence of PN approximants does not converge globally (i.e., in the full interval 0 ≤ u ≤ 1/3) towardsâ E (u). Note in particular the huge scatter of values reached by the various a (1/3) are listed in the third column of table I. Even if we focus on the last PN approximants, the scatter remains very large, and non monotonic. The fact that the last PN approximant (10.5PN) turns out to be rather close to the exact value is probably coincidental (or, possibly helped by the fact that the fits done by Shah et al. [19] have absorbed in the 10.5PN level the "signal" contained in the remaining, non fitted, PN terms). Even if we were to restrict the interval to, say, 0 ≤ u ≤ 1/6 (i.e., for radii r = GM/(c 2 u) above the LSO) a close look at the various curves shows that there is no monotonicity in the way the successive PN approximants approach the exact result.
VI. CONCLUSIONS
Let us summarize our results: we have studied several functions characterizing in a gauge-invariant way the energetics of binary systems in the limit m 1 ≪ m 2 . At linear order in the symmetric mass ratio ν = m 1 m 2 /(m 1 + m 2 ) 2 these functions h R kk (u), a 1SF (u) and u t 1SF (u) are linked by simple relations, see Eqs. (2) and (13). We focussed on the function a 1SF (u) which encodes the ν-linear correction to the EOB function A(u; ν), see Eq. (4). Indeed, within the EOB formalism, the function A(u; ν) = 1 − 2u + νa 1SF (u) + O(ν 2 ) plays a central role because it parametrizes the time-time component of the EOB effective metric,
and thereby plays (similarly to its well-known test-mass limit A(r; 0) = 1 − 2GM/(c 2 r) = 1 − 2u) the role of main radial potential describing the two-body gravitational interaction.
Using techniques that were expounded in detail in Refs. [1, 2] we extended here our previous 6PN-accurate results by deriving, for the first time, the analytic expression of the PN expansion of a 1SF (u) up to the 8.5 PN level included. See Eqs. (14)- (18) . We compared our results with the (mainly numerical) results of [19] and found perfect agreement. We hope that the new knowledge brought by our results will allow one to extract more information from the very accurate numerical simulations of [19] . We then transcribed the results of [19] going beyond the 8.5PN level into the numerical knowledge of several higher-order contributions to the first GSF-order EOB potential a 1SF (u). (For a few terms, Ref. [19] also provided plausible analytic expressions).
Armed with the knowledge of the PN expansion of a 1SF (u) up to the 10.5 PN level, we studied the convergence of the PN expansion as the expansion parameter u = GM/(c 2 r) leaves the weak-field domain u ≪ 1 to enter the strong field regime u = O(1). This study involved a comparison of the accurate knowledge of the strongfield behavior of the function a 1SF (u) which was recently obtained [21] to some of its PN approximants. First, we considered the parameter c Ω measuring the first-order GSF shift of the orbital frequency of the last stable (circular) orbit. Second, we considered the global behavior, on the interval 0 ≤ u ≤ 1/3, of a regularized version of the function a 1SF (u) introduced in [21] [Indeed, the latter reference found that a 1SF (u) was singular at u = 1/3, i.e., at the light ring, so that only suitably regularized (bounded) versions of a 1SF (u) can a priori be expected to be potentially representable as a PN expansion (which is, essentially, a polynomial in u)]. However, our results show that the PN expansion, even considered up to the 10.5PN level, fails to provide an accurate representation of a 1SF (u) (with or without regularization at the light ring). Even, if we focus on the semi-strong-field behavior around u = 1/6 (LSO), our study shows an, at best, erratic convergence of the PN expansion towards exact, numerical results (However, a few PN approximants seem, coincidentally, to provide a reasonably accurate value for the LSO frequency shift c Ω ; notably the 7PN and 7.5PN approximants). To complete our results, we present, in the Appendix, the 8.5PN accurate expansion of the function linking the binding energy of a circular orbit to its orbital frequency.
To conclude, let us emphasize that, by using the method we presented in [1, 2] , our analytic derivation could be extended, with some limited additional effort, to higher PN orders. Such an extension might be interesting both as a test-bed for accurate numerical computation, and also as a case-study of the increase in the transcendentality of the coefficients entering the computation of multi-loop Feynman integrals. Indeed, our computations, when viewed in terms of gravitational perturbation theory around a flat spacetime, involve higher and higher Feynman-like "loop integrals" [24, 25] . The study of the special numbers entering multi-loop integrals has recently become of interest in mathematical physics [26, 27] . From this point of view, an interesting outcome of our result is the first appearance of ζ(3) at the 7PN order, corresponding to 7 loops in a flat space expansion (though it is here computed from a one-loop effect around a curved manifold).
Let us note a potentially useful practical consequence of an a priori analytic knowledge of the transcendental content of some PN coefficient: it can allow one to (plausibly) infer its full analytic structure from a sufficiently accurate numerical computation. For instance, if we only know that, after separation of the terms ∝ (ln u + 2γ + 4 ln 2)
2 and ∝ (ln u + 2γ) 1 (with rational coefficients), the remaining 7PN coefficient a no log 8 , last seven terms in Eq. (20) , is a rational linear combination of 1, ln 2, ln 3, ln 5 [as follows from Eq. (19] , π 2 , π 4 and ζ(3), we have found (via some numerical tests with existing integer-relations algorithms) that the numerical knowledge of ≥ 162 digits of a no log 8 is sufficient to infer the seven rational coefficients entering the last lines of Eq. (20) . On the other hand, if we know the rational value of the coefficient of ln 5 (which is rather easy to compute from the analytic understanding of nearzone tail effects), it is enough to know 141 digits to infer the remaining six rational coefficients. In addition, if we use the knowledge of the PN-expanded Regge-WheelerZerilli solutions (which are much easier to compute that the hypergeometric-expansion ones, see Ref. [2] ), one can also a priori compute the rational coefficients of π 2 and π 4 (which come from summing infinite series in l). In that case, it is enough to know ≥ 76 digits to infer the remaining four rational coefficients. This study shows how crucial any (even partial) analytic knowledge can be in allowing one to infer exact results from numerical ones. Indeed, though transcendentals such as π 2 , π 4 , ln 2, ..., are linearly independent over the rationals, they are approximately dependent to a surprisingly high accuracy.
Another conclusion of our work is that it would very valuable to be able to compute gauge-invariant GSF quantities at the second order in ν. Indeed, the recent progress (including the present paper) on the knowledge of the first order GSF contribution to the main EOB radial potential is sufficient for all practical purposes, especially in view of the global numerical knowledge of a 1SF (u) and of the poor convergence of its PN expansion. By contrast, little is known about its second order GSF contribution, apart from: its leading-order 4PN contribution [2] νa c1 5 u 5 , Eq. (8); the indication of its singularity structure at the light ring [21] ; and the ν-dependence of A(u; ν) inferred from comparisons to full numericalrelativity simulations [28] . 
As emphasized in [1, 2] the PN expansion coefficients e nPN (ν, ln x) have a more complicated structure than the coefficients a n (ν, ln u) entering the PN expansion of the EOB potential A(u; ν). The ν-dependence of the a n 's is much more restricted. Let us, without loss of generality, write the PN expansion, Eq. 
for various k. Note in passing that, according to this notation, we can then write the GSF expansion of a(u, ν), Eq. (5), as 
A straightforward calculation then yields (suppressing, for brevity, the indication that the coefficients a 
